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Abstract 

In the framework of classical field theory, we first review the Noether theory of sym- 
metries, with simple rederivations of its essential results, with special emphasis given 
to the Noether identities for gauge theories. Will this baggage on board, we next dis- 
cuss in detail, for Poincare invariant theories in flat spacetime, the differences between 
the Belinfante energy-momentum tensor and a family of Hilbert energy-momentum 
tensors. All these tensors coincide on shell but they split their duties in the following 
sense: Belinfante's tensor is the one to use in order to obtain the generators of Poincare 
symmetries and it is a basic ingredient of the generators of other eventual spacetime 
symmetries which may happen to exist. Instead, Hilbert tensors are the means to test 
whether a theory contains other spacetime symmetries beyond Poincare. We discuss 
at length the case of scale and conformal symmetry, of which we give some examples. 
We show, for Poincare invariant Lagrangians, that the realization of scale invariance 
selects a unique Hilbert tensor which allows for an easy test as to whether conformal 
invariance is also realized. Finally we make some basic remarks on metric generally 
covariant theories and classical field theory in a fixed curved bakground. 
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1 Introduction 



It might seem an almost impossible task to say something new as regards the theory 
of Noether symmetries in classical field theory, even more so if the considerations are 
mostly made in flat space. Noether theory, which has been widely developed and em- 
ployed in mathematical and theoretical physics since its dawn in 1918 [1] (for more 
modern expositions of Noether theorems see [2] [3]), seems quite complete. There are a 
certain number of subjects, though, which are scarcely considered in the literature and 
which are nevertheless relevant in order to extract and take advantage of all the poten- 
tialities of the Noether formulation. We mention in this respect the detailed connection 
between Belinfantc's [4] and Hilbcrt's [5] approaches to the energy-momentum tensor 
for Poincare invariant theories, first investigated by Rosenfeld [6], and their different 
role either in giving the generators of the symmetry or in implementing the conditions 
for the existence of a symmetry. In particular, the role of a specific Hilbert tensor 
-among a variety of Hilbert tensors- in the implementation of scale and conformal 
symmetry in flat spacetime. Relevant papers on this case of conformal symmetry are 
[7, 8], which are mostly devoted to its realization in quantum field theory. As regards 
the classical setting, valuable contributions to Noether theory and energy-momentum 
tensors include [9, 10]. Our emphasis, though, is different, particularly regarding the 
different roles played by the several energy-momentum tensors and the discussion on 
scale and conformal invariance. We believe that our approach gives an integrated pic- 
ture, always in the classical setting and in the language common to physics, which 
completes what it is already in the literature. 

The essence of Noether theory is the connexion between continuous symmetries -of a 
certain type- and conservation laws (currents and charges) for theories whose dynamics 
is derived from a variational principle. Another aspect of Noether theory concerns the 
canonical formalism, where the conserved charges associated with a Noether symmetry 
become, through the Poisson bracket structure, the infinitesimal generators of the 
symmetry. 

In this paper we will show that whereas there is a single Belinfante energy- momentum 
tensor associated with a theory in fiat spacetime -a theory described by a Poincare 
invariant Lagrangian-, which may be subject to improvements^, one does not have a 
unique Hilbert tensor, but a family of them, all coinciding on shell. An additional 
and related remark, already pointed out by Rosenfeld, is that Belinfante's energy- 
momentum tensor, which is in general only symmetric on shell, only coincides with the 
Hilbert tensors on shell. These observations could be thought unremarkable were it 
not for two facts. One is that it is the Behnfante tensor that contains the right infor- 

^An improvement is the addition to the energy- momentum tensor of a functional of the fields with 
identically vanishing divergence. 
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mation to construct the Poincare symmetry generators and, basically, other spacetime 
symmetries that may exist; the other is that it is a Hilbert tensor that contains the 
right information to examine the eventual implementation of these other symmetries 
beyond Poincare, like scale and conformal invariance. The analysis presented here 
relies heavily on the Noether identities for gauge theories. 

The classical realization of scale invariance takes place when the Lagrangian has no 
dimensional parameters. In such case we show how to determine a specific Hilbert 
tensor for the theory. The trace of this tensor is the divergence of a quantity that can 
be computed. This quantity is then used to set up a simple test as to whether conformal 
invariance can be classically realized. This test coincides with the one obtained in [7] 
from a different analysis, not involving the Hilbert tensor. 

In the subjects we have dealt with, we have tried to be complete, at the risk of, 
in some sections, reobtaining well known results. In this case we have tried, however, 
to produce new, brief, and clean presentations for old subjects, in a manner which 
we think could be useful for an introduction to Noether symmetries in general and 
Poincare symmetries in fiat spacetime in particular. Whenever we encounter spacetime 
transformations, either in fiat spacetime or as diffeomorphisms in generally covariant 
theories, we always take the active view of the transformations: acting on the fields 
and leaving the coordinates unchanged. We believe that the active view is the most 
efficient one, and allows the spacetime and internal symmetries to be dealt with on 
the same footing. In addition, it is worth noticing that, in the canonical formalism, 
the action of the symmetry generators through the Poisson bracket corresponds to the 
active view. 

In the present paper only the bosonic case is considered. An extension to the spinorial 
case is left for future work. 

The organization of the paper is as follows. In section 2 wc explore the basics 
of continuous symmetries, including Noether symmetries, either rigid or gauge, and 
conserved currents, in the Lagrangian formulation. Some remarks arc made on the 
existence, in gauge theories, of first class constraints. Section 3 is devoted to theories in 
fiat spacetime with Poincare invariance, and the relation is given between the Belinfante 
tensor and a family of Hilbert tensors, and their respective roles are explained. In 
section 4 we discuss scale and conformal invariance and obtain, out of the trace of a 
specific Hilbert tensor, an expression to check for a given scale invariant theory whether 
conformal invariance is also realized. In section 5 we briefiy consider generally covariant 
theories. An appendix complements section 3. 

We set the notation used in the paper for the diferent energy-momentum tensors. T'^'' 
stands for the canonical energy-momentum tensor, Tjj^" for the Belinfante tensor, and 
T^'^ for a generic Hilbert tensor. When we need to specify a Hilbert tensor associated 
with some density weights of the fields, we will write T^'^^^". 
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2 Noether symmetries 



2.1 Some identities in the variational calculus 

The variational calculus exhibits some identities which are very useful in implementing 
the conditions for a continuous transformation to be a symmetry. Let us consider a 
field theory, governed by an action principle 



Jc, (1) 



where C is the Lagrangian density, with depends on the fields and their derivatives, 
in a finite number. The equations of motion are obtained by demanding extremality 
under arbitrary variations of the fields, 

6S = j = J mAH^ + b.t. = , 

where 0^ is a generic field or field component, [jC]a stands for the Euler-Lagrange (E- 
L) functional derivative of C with respect to (we use also the notation j^), and 
b.t. represents boundary terms, that is, an integration on the boundary dAi of the 
manifold Ai where the integration in (1) takes place. For arbitrary S(f)^, except for 
some restrictions at the boundary that will help to make the b.t. to vanish -and thus 
to make S a differentiable functional [11]-, the requirement (55 = is equivalent to 
[C]a = 0, which are the Euler-Lagrange equations of motion (e.o.m.). 

Here we are not interested as much in the dynamics as in some properties of the 
variations themselves. Let us now perform a second variation so that 



where := d^cj)^ arc derivatives with respect to the coordinates of the manifold -in a 
given patch-, etc. Here and henceforth, dots as in the last equation represent obvious 
contributions form higher derivatives of the fields. When acting on 5S we may choose 
two ways to expand the second variation, either 

5{5S) = j 5{5C) = j [5C]a5^^ + b.t. , (2) 

(form now on b.t. is generic for any boundary term) or 

5{5S) = j 5{[C]a6(I)^) + b.t. = j 5{\C]A)5ci>^ + / [C]A5{5(t>^) + b.t. 



A 



dS(f) 
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+ 



+ 



lB 



+ b.t. 



d(i) 



(3) 



In both expressions (2) and (3) the bulk term depends on Scj), which is an arbitrary 
variation. Subtracting one from the other we get 



= j (5[C]a-[5C]a+[C]b 



Since S4>^ is arbitrary, the vanishing of the bulk term implies the identities^ 



(4) 



s[c]a - [scu + [cw-^ - dMB^) + d,.mB^) + . . . 



(5) 



These identities arc valid for an arbitrary variation Scj). A direct check is feasible 
and straightforward, but cumbersome. What the identities do in essence is to give a 
computation of the variation of the E-L derivatives, in terms of combinations 

-including derivatives with respect to the coordinates of the manifold- of the E-L 
derivatives themselves plus the term 



2.2 Continuous symmetries 

An immediate application of (5) is to establish conditions for the existence of continuous 
symmetries -which we will explore with the infinitesimal variations 5. Our definition of 
a symmetry is simple: an invertible map sending solutions of the e.o.m. into solutions. 
So let us suppose that we have a solution (that is, , VA) of the e.o.m., 

[^\ =0, 

^To our knowledge, these identities were obtained in the language of mechanics by Kiyoshi 

Kamimura, in the early eighties, by direct computation, and never published. A particular case 
of (5), for variations satisfying the Noether condition -see below-, was written in [12], eq (2.7). We 
thank D. Salisbury for pointing this out to us. 
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and let (j)^ — > (j)Q+5(j)Q be the transformation to the new configuration^, infinitesimally 
close to the old one. For it to be another solution of the e.o.m., we need 

n =0, 

which can also be written, at first order in the infinitesimal parameter hidden in the 
variation, as 

[£]| +(5[£])| =0. 

The first term vanishes because 0q is a solution. As for the second, notice that, 
according to (5), 

{m)\ -m^ , 

and thus we end up with the necessary and sufficient^ condition of the variation d(j)^ 
to define an infinitesimal symmetry: 



[6C]\ =0 



(6) 



for any solution 0o- 



2.2.1 Noether Symmetries 

One strong way to ensure (6) is the adoption of the Noether setting: require that 

(7) 



for some F^, which guarantees [SC]a = OjVA, identically. We have thus proved that 
5C being a divergence is a sufficient condition for the variation S to map solutions into 
solutions. It is worth noticing that, unlike the general condition of symmetry (6), the 
Noether condition is a direct condition on the Lagrangian and not on the e.o.m. . The 
Noether condition must be satisfied on and off shell. 

General relativity (GR) provides with an elementary example of a symmetry which is 
not Noether. The Einstein- Hilbert lagrangian = \^\g\R admits a scaling symmetry 

(rigid Weyl rescaling) g^^ ^g^iu, under which \f\g\R — > \^ ^J\g\R where d is the 
spacetime dimension. For d > 2 this is not a Noether symmetry but it is still a 
symmetry. With A = 1 + (5A one has SC^^ = ^^^eh ^^^^ satisfies (6). 



■^As stated in the introduction, we only consider active variations on the fields. Any transformation 
of the coordinates -passive transformation- is rewritten as an active one. 

*This sufficient condition may be further restricted in some cases if some boundary conditions are 
imposed on the acceptable solutions. 
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The obtention of a conserved current for a Noether symmetry is straightforward. 
Condition (7) can also be written as 

(8) 

for some current density J^. This is the on shell conserved current associated with a 
Noether symmetry. With some additional caveats in the case of gauge theories^, the 
spatial integration of J", when appropriately expressed in phase space, will become the 
generator, under the Poisson bracket, of the Noether symmetries. 

As a matter of notation, whenever a Noether symmetry is realized, we will say that 
the theory has invariance under such symmetry. This is the meaning we attach to the 
concept of a Poincare invariant theory, a diffeomorphism invariant theory, etc.. even 
though the variation of the Lagrangian under the infinitesimal Noether transformation 
may not vanish, being in general a divergence. 

3 Noether identities 

Consider a field theory described by a first order Lagrangian density -except perhaps 
for a divergence term- C We also consider the Lagrangian having some symmetries of 
the type 

= + R^^d.e'^ , (9) 

where e" are the infinitesimal parameters of the symmetries, with the index a running 
over the number of independent symmetries, and with R^, R^f^ functions of the fields 
and their derivatives. Up to now everything has been general. Now let us be specific: 
the case of our interest is when e" are arbitrary functions of the coordinates; then the 
associated symmetries are called gauge transformations. We assume that these gauge 
transformations are of Noether type, which means that S£ is a divergence. 

The dependence of 50^ on the arbitrary functions imposes that J'* in (8) must 
be of the form = C^e" (up to the divergence of an arbitrary antisymmetric tensor 
density, as we discuss below). Hence we find, using the arbitrariness of the functions 
e", that can be taken so as to satisfy 

= -i^UR^" , d,C^ = -i^UR^ ■ (10) 

The general solution of J^' in (8) is J" = C^e" + ^^,N''^', with N^'t' an arbitrary anti- 
symmetric tensor density (we work locally and do not consider global issues) . Since the 

^There exists a projectability issue in going from tangent space to phase space in gauge theories, 
see [13] for the general theory and [14, 15] for its apphcation to generally covariant theories. 
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particular solution found for in (10) vanishes on shell, we infer that, up to terms 
vanishing on shell, the conserved Noether currents associated with gauge symmetries 
are always trivial and completelly undetermined by the formalism. In the standard 
spacetime setting, = (0, i), the values of conserved charges /_^^ dfi^\icJ^ (where Ait is 
a spacelike slice of }A) will depend on N'''^ as a boundary integral. The 2-form Hodge 
dual to N^'^ in a standard metric theory is usually called the superpotential. 

Notice that ehmination of in (10) yields the Noether identities^ 



[£Ui?f-a,([£Ui?^) = o (11) 



Let us pause to reobtain these identitites in another way -not essentially different, 
though. Let us integrate (8) on the manifold, and in addition consider the case when 
the arbitrary functions e"" have compact support. This means that all boundary terms 
depending on the arbitrary functions -and derivatives- will vanish. Then we have 

= / [CUH^ = / [CURy + R^'d.e'^) = / {[C]aR^ - d,{[CUR^^))e^ , (12) 

from which (11) is obtained owing to the arbitrariness of e". Saturating (11) with e", 
it can be equivalently written as 

[CUSct>^-dMCUR^^e'') = 0, (13) 

which explicitely shows the current obtained above. 

Notice that in a more general case of a gauge symmetry, for instance 

= i?^e" + Rt^d^e'' + R^'^'d^.e'' + ... (14) 

(where can always be taken symmetric in the indices) we would have obtained, 
for the Noether identity. 



[CUR^ - d.iiCURtn + d,.{[CURtn + • • • = (15) 



The case with second derivatives 9^j^e" takes place for instance in the Palatini formalism 
for GR. 



3.1 First class constraints from Noether identities 

Observe that the quantities in (10) vanish on shell, but this is not a sufficient 
reason to qualify them as constraints. Here we enter the realm of the Rosenfeld-Dirac- 
Bergmann''' theory of constrained systems [17, 12, 18, 19, 20, 21]. We will not dwell 

^This is the contents of the often called Noether's second theorem. 

^Rosenfeld's contribution, which has been overlooked for a long time, has recently resurfaced thanks 
to the work of D. Salisbury and it is discussed in [16]. 
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in this theory^ but will only borrow a few concepts from it. To distinguish what is 
a constraint and what is not we must first individuate an evolution parameter in our 
theory. If we are in Minkowsky spacetime or in a Lorentzian manifold, wc typically 
consider a coordinate = t (for "time") such that the equal time surfaces are spacelike. 
The e.o.m. are second order, and initial conditions -positions and velocities- are given 
on the initial time surface and the e.o.m. are the differential conditions required on a 
solution -which will satisfy the initial conditions by construction. An on shell vanishing 
quantity will qualify as a constraint if it does not depend on the second time derivatives. 
This means that such a quantity places a restriction on the initial value problem. 

Now we will prove that, assuming that the functions and R^'^ do not depend 
on the second time derivatives, the quantities C° are actually constraints. This is the 
situation in general covariant. Maxwell and YM theories. 

To this effect, consider the second equation in (10) written in the form [n = (0,^)) 

The rhs depends at most on the second time derivatives, according the our assump- 
tions, but this implies, looking at the Ihs, that depends at most on the first time 
derivatives, which means that it is a constraint. Thus we have proven that the special 
combination of the e.o.m. given by 

Cl = -[^ARf 

is a constraint. 

In addition, since these constraints participate in the 0-component of the current 
J'*, they must be projectable to phase space (/ d%;J° is the generator of the Noether 
symmetry, and it is always projectable) and first class^ because they participate in a 
generator of a symmetry, which necessarily preserves the constraints. 

3.1.1 A generalization 

In the more general case (14) with second derivatives of e", assuming that i?^, R^^ and 
Ra^^ depend on the fields and their first derivatives with respect to the coordinates, 
we find the particular solution for J'^ in (8) as J'^ = C^e" + 9^(C^''e"), with 

cr = -[>cui^^'^^ c„^ = -[£]Ai?^'^ + 2a.([£]Ai?f'^). (i6) 

(Note that C^'' is symmetric in jiv because R^'^^ is so.) Substitution of these relations 
into [C\ARa + dfj^C^ + d^i.C^'^ — (which is also consequence of (8)), produces the 
Noether identity (15). 

^See for instance [22] and [23]. A brief exposition of its basics can be found in [24] . 
^Dirac introduced the concept of a first class function as a function whose Poisson bracket with 
the constraints vanishes on the constraints' surface. 
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Notice that (16) shows that and C^'' vanish on shell. Let us identify, in analogy 
with the previous subsection, some projectable constraints out of these objects. We con- 
tinue to assume that the E-L e.o.m. are of second order, at least in the time derivatives. 
Examination of the Noether identity (15) as regards the presence of time derivatives 
shows that the combinations [C^Ra^^ and [^Cj^i^f ° - 2d^{[C]ARa^^) + ^o([>C]^i?f °°) 
must be constraints, that is, they can not contain second order time derivatives, oth- 
erwise the Noether identities can not be fulfilled. In terms of the coefficients in J'*, the 
constraints are C°° and C° -|- d^C^. Let us see now the logic behind this finding. The 
conserved quantity associated with the Noether transformation is 

G = j d'x,f = J d\{cy + d,{Cfe^)) = J d\{{Cl + aoO€« + eft) 
-\- boundary term (17) 

where e" stands for the time derivative of the arbitrary function e". The boundary 
term is relevant -and indeed essential since the bulk term vanishes on shell- as regards 
the values of conserved quantities, but the symmetry is generated by the bulk term 
only. When written in terms of canonical variables -which is always possible because 
G is projectable to phase space-, the generator G will be expressed in terms of first 
class constraints and it will contain an additional piece proportional to -to be able 
to generate the transformation (14). The coefficients in this new piece will be primary 
first class constraints, which are invisible in the Lagrangian formalism because their 
puUback to configuration- velocity space vanishes identically. Thus we have shown that 
the Lagrangian constraints Gf are projectable from configuration-velocity space to 
the canonical formalism to become secondary first class constraints, and G^ + d^Gf to 
become tertiary first class constraints. Including the primary ones, these constraints 
will exhaust the first class constraints of the theory, if some regularity conditions are 
met. 



3.1.2 An example: first class constraints for general relativity 

In GR, the infinitesimal gauge transformations are given by the Lie derivative, 

out of which we get 

With the notation for the Einstein-Hilbert Lagrangian and [Cj^u]nv — G^i, for the 
Einstein tensor density, the constraints are 

G',^-[C,,URi^''^'^2G,,g>^'. 
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Up to a factor, g^^^ is the vector orthonormal to the equal time surfaces, 



9' 



4 



9' 



,00 



and therefore we have deduced that the combinations of the e.o.m.. 




are constraints, i.e., they do not depend on the second time derivatives. These con- 
straints are the Hamiltonian and momentum constraints of of GR. Notice that we have 
obtained them form first principles, without ever examining the e.o.m.. In the phase 
space picture, these constraints are secondary, the primary ones being the momenta 
conjugate to the lapse and shift variables. 

3.2 Examples of Noether identities 
3.2.1 The Bianchi identitites in GR 

Sometimes it is convenient to express (9) with the help of the covariant derivative. 



40^ = [/,V + i?^'^V^e^ 
with Up ^ Rf - i?^^r^p, and the Noether identity (11) becomes 



(18) 



(19) 



In the case of the metric field g^"^ we have simply 



{g>^''5: + g'"'5^)V,e'^ 




as before. The Noether identities (19) for GR are then 



which are the doubly contracted Bianchi identitites. 
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3.2.2 Noether identities for Yang-Mills coupled to gravity 

For Cym = ~\\[\9W^u^°' ; addition to the well known Noether identities associ- 
ated with the internal gauge symmetry, 

we get as Noether identities for the diffeomorphism invariance, 

where Dp is the total covariant derivative -including the Riemmanian connection and 
the SU{N) connection. Actually, in the first term acts only as the Riemmanian 
covariant derivative because there are no YM indices involved. On the contrary, in 
the second term, the Riemmanian connection is superfiuous because ^J\g\F"'P*^ is an 
antisymmetric tensor density. 



3.2.3 Noether identities for the Palatini formalism of GR 

Also for the diffeomorphism invariance, the Palatini formalism of GR exhibits the 
following Noether identities 



4 Poincare invariant theories 



Here we will consider standard flat spacetime field theories with Poincare invariance 
satisfying the Noether condition (8). There is a standard route to construct the energy- 
momentum tensor encompassing the four currents associated with the four translational 
symmetries in fiat space with Cartesian coordinates. An improvement -Belinfante- 
of this tensor allows for it to provide also for an easy construction of the currents 
associated with the Lorentz symmetries. 



4.1 Belinfante's energy- momentum tensor 

Although the material is standard, here we discuss, for the sake of completeness, Be- 
linfante's improvement, [4], of the canonical energy- momentum tensor for Poincare 
invariant theories in Minkowski spacetime. Throughout this subsection, will stand 
for the infinitesimal Poincare coordinate transformations. In Cartesian coordinates, 

= + u^X, '^^v = -^^M , (20) 
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with and oj^^^ infinitesimal parameters (a;^,^ = jy^^o;''^). In the active view of the 
action of Poincare group, the fields transform as 

5ct>^ = e^d,<t>^ + sT^,u<i^'' , (21) 

with 5^'"^ = S^^'^'^^ being a linear representation of the Lorentz group. Let us make 
contact with the notation (9) applied to the case of diffeomorphism transformations 
and show how this object S'^'^" is recovered from it. We will do it in the case of a vector 
field Afj_, but the method is general for scalar, vector and tensor representations^''. An 
infinitesimal diffeomorphism acts as 

5eA^ = e^d^A^ + A^d^e" , 

thus we extract, form (9), 
Then, for as in (20), 



with 



'^gr' = (^.^''^ - ^"^y") (22) 

being the matrices of the vector representation of the Lorentz algebra. Keeping (9) in 
mind, in the general case we will have 

5^/^-0^ = {R^-jf^^ - i?^^?7--) . (23) 

All is summarized in the decomposition into antisymmetric and symmetric compo- 
nents 

^f^'^'^=^('5^">^ + Qr0^), (24) 

where^^ S^^^ — S'^''^ and Q^^^ — Q^^^'^^ , and the observation that only the antisym- 
metric term contributes to (8) when is as in (20). The matrices (M'^'^)g := 5^^*^ 
form a representation of the Lorentz algebra. 



^°Note however that we restrict here the covariant behaviour of the fields (scalars, vectors, tensors) 
for wc do not allow them to be densities. For instance, our scalars here transform as S(j) = e^dfj_(f> 
whereas a scalar density of weight n transforms as dip = e'^d^cj) + n(j)da€'^ . This restriction will be 
lifted in section 4.3. 

^^We use the standard notation [ ] for antisymmetry and ( ) for symmetry. 
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Taking into account that for a Poincare scalar Lagrangian Cf (/is for flat), 5Cf — 
e'^d^Cf = d^{e^Cf) (e^ is just (20)), we realize the existence of the Noether symmetries, 
and (8) becomes 



= [CfU6<P^ + d,{^6cp^ - b^e^L^) = [CfU6<P^ + d,(fy + ^tK^^^') > (25) 



where the canonical energy-momentum tensor is defined as 



J7/i 



dC 



(26) 



It is possible, and highly convenient, to get rid of the first derivatives of within 
the current in (25). To this end observe that, using the antisymmetry of cUfj^, 



dC 



" 2^0^^^^ ^d^,^ +^^^5 ^^-^ 



with F''^''' = F'^I'^'^l Thus we have, for (25) 

= [CfU6(l>^ + d,{{f>^^ + d,F''^-r],,)e^ 



(27) 



+ 



(28) 



where in the last equality we have used that F'^'*'^ is antisymmetric in its last two 
indices. In the last line of (28) we identify Belinfante's improvement of the canonical 
energy-momentum tensor, 

' ' ' (29) 



Note that (28) can be written as 



(30) 



which allows for a neat identification of the currents associated with translations and 
Lorentz transformations. The on shell conservation of these currents guarantees that 
Belinfante's energy-momentum tensor is symmetric on shell. In fact, using 5(j)^ from 
(21), and the determination, from (30), of df/r^" — —[Cf\A(i>^, one can compute, also 
from (30), the antisymmetric component in T^^ . One finds 



rp^U rpU^ 
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In particular we note that Tfj^" + ^[jC]aSb'''^<P^ is symmetric on and off shell. It is also 
symmetric, noticing (24), the combination 

We anticipate that this is indeed a Hilbert energy-momentum tensor, the objects to 
which we devote the next section. 



4.2 Hilbert's energy-momentum tensor(s) 

Here we show a way to bypass the constructions made above by using Hilbert's pre- 
scription of substituting the Minkowski metric r/ by a general metric and extracting 
the energy-momentum tensor as the functional derivative of the Lagrangian with re- 
spect to the new metric, which, after derivation, is set again to be Minkowski. So 
consider a Poincare invariant Lagrangian £y(^, 90) in Minkowski spacetime. We will 
assume that it is possible to "covariantize" it, that is, we assume that there exists a 
scalar density Lagrangian £g, with the metric as a new field such that it becomes the 
original Lagrangian Lj when g ^ r). This is easy to do, by just promoting Poincare 
scalars, vectors, tensors to scalars, vectors, tensors under difi^eomorphsms and to place 
the usual square root of the determinant of the metric as a factor in the Lagrangian 
in order to make it the desired scalar density -notice that fermions are excluded as 
of now-. Thus we assume that, under variations given by the Lie derivative (that is, 
infinitesimal diffeomorphisms) , 

6,£, = a^(6%) . 

Let us define the tensor density 

TM- .--2^. (31) 



flU 



The Noether identity (13) associated with difi^eomorphisms, now written for fields 
(j)^, g^y, becomes 

[C,]A5e<t>^ - d, ([A] Ai?^6'' - T^^g.pe^) - ^T/'^4^,. = . (32) 

Now take the limit g ^ rj, which implies [Cg]A [^f]A, and define the Hilbert tensor 
T^^ as the limit of T^^'^ for g ^ rj. In this limit, S^g/^u = ^^^u + ^v^n d^e^ + d^e^, 
with now simply = rj^^e'^, and these e'^ still being the components of an arbitrary 
vector field. Thus we get, in fiat space, the identity 



(33) 
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for arbitrary ^ . Now we can consider several cases. Let us start with the Poincare 
symmetry, sitting with Cartesian coordinates. Let be as in (20), that is, a Poincare 
infinitesimal coordinate transformation. The important fact is that with this e^, Sriy^y = 
dfi^u + d^e^j^ = (our choice for is the general solution of the equation for Killing 
vectors in fiat space, d^Si, + dye^ = 0). The last term in the Ihs of (33) disappears and 
we end up with 

[Cf]ASe<f>^ + d,{{T% - [CfUR^nia' + uj'X)) = , (34) 

where now 40"^ ^-re the infinitesimal Poincare transformations of the fields or field 
compomcnts (f)"^. Having (8) in mind, (34) identifies the Noether conserved current 
associated with Poincare invariance as 

J, ^ ( _ [Cf]^R^^) {a" + u^X) ■ (35) 

As a matter of fact, T'^— is exactly the Belinfante improved energy- momentum 
tensor obtained in section 4.1. This result, first obtained in [6]^^, is proven in detail in 
the appendix. A possible ambiguity of the covariantization procedure, discussed in the 
next subsection, will not make any diference on this result. 

Before moving on, let us note that it is from the Belinfante energy-momentum tensor 
in (35) that one gets the generator of the Poincare symmetries, as the spatial integration 
of the appropriate expression in phase space of the time component J° of the current, 
see also (30). The term [Cf\AR^'^, though vanishing on shell, is crucial to produce the 
right transformation^^. 

4.3 Covariantization procedures. Variety of Hilbert tensors 

There is in principle total freedom in the choice of the density behaviour of the fields. 
The minimal procedure of covariantization is to promote all the fields to geometric 
entities without implementing any density behaviour for them. This is what we have 
done above. But one could also have promoted the Poincare fields to field densities 
of arbitrary weights. The only consistency needed is that Cg be a scalar density of 
weight 1, which is easily met. To every different covariantization there will correspond 
a different Hilbert tensor. 

Let us write C^^"* for the minimal covariantization of Cf, that is, with all fields 
without density behaviour. There is a specific role of t := \l\g\ to make a density. 

^^Eqivalcnt results are obtained in different contexts in many places, like in [9, 10, 26, 27, 28], mostly 
to emphasize that both tensors coincide on shell. 

-'^^The relevance of terms vanishing on shell should be obvious after observing, form the discussion in 
section 3, that the generators of the gauge transformations in gauge theories are first class constraints 
-which vanish on shell. 
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Now let us introduce densitizations. Let be the weight associated with 0"^, so that 
(j)'^ := t~'^A(j)^ (no sum for A) is not a density scalar, density tensor... any more, but 
just a scalar, tensor... . Let n symbolize the full set of densitites n^. One can define a 
new scalar density Lagrangian 



We do not claim that this procedure will exhaust the ways of obtaining different 
covariantized Lagrangians but, looking at the result, it is conceivable that the Hilbert 
tensors thus obtained arc the most general ones, except for improvements^^. Noticing 



that 



at 



= -29tiv and 



~ — |<^p 5/*!/, we can compute 



5g 



IJ,V 



+ 



(dCf'^ ddp{t-''A(l)A) dt 



dt 



+ 



(dCf^ ddp{t-''A(j)A)dd^t 



ddat dgi''' 



dCf^ dd^jt-'^Acf)^) ddxt 
Wd^ ddxt 'dd^ 



9-*V 



(36) 



(we have used T^, = 2^ 
new Rosenfend tensor T^^^ is 



and put a superscript as a reminder) and so the 



9^V 



(37) 



This result is fully consistent with what should have been expected on the grounds 
that if 6^^^4>^ is the Lie derivative of (j)"^ considered without density behaviour, then 



(38) 



is the Lie derivative for an object of density weight n^. Notice that 5^^^4>^ — > ^("V'^ 
imphes a change Rf^^" = + n^(t>^S^. 

Using (37) and (38) and taking into account (9), one can easily pass form (33) with 
superscripts to the same relation with superscripts Note in particular that the 
Belinfante tensor 



(39) 



-'^^Improvements that can also be introduced, see subsection 4.4, by adding to the covariantized 
Lagrangian terms that vanish in flat space. An example of this procedure is given in [29] . 
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still remains the same no matter which superscripts are used. The final form of (33) is 
then, 



£/]^40^ + d^{T,^, en - Tt d^e'' = (40) 



which is an identity in flat spacetime but for arbitrary e'^. Note that both the Belinfante 
tensor and the Hilbert tensor have a role in this expression (40). A change T^^'^^' T^^)'' 
in (40) is compensated by a change in the transformation S^^^cf)"^ S^^^cf)"^, (38). 

As regards Poncarc symmetries, (20), the term dpt^ in (38) vanishes because of the 
antisymmetry of o;^,^, and thus S^^^cj)"^ coincides with S^^^cf)^, as Poincare symmetries are 
concerned. But the tensors T^^^ are different if the weights are different. In particular, 
for a specific choice of density weights -which means a choice of the trasformations 
(38) as well- one may have other symmetries, for instance conformal invariance, which 
will only hold for this particular choice. Although their difference vanishes on shell, 
T^[") is not an improvement of T^^, but a basically different Hilbert tensor, which can 
be used to check whether a new symmetry is realized. 



We conclude that whereas there is a unique -up to improvements- Belinfante energy- 
momentum tensor associated with a Poincare invariant theory, one does not have a 
single Hilbert tensor, but a family of them. One may ask whether, among all these 
possibilities, there is a preferred choice for the Hilbert tensor. The answer is in the pos- 
itive and it consist in determining the density weights out of the physical dimensions 
of the fields. This issue is discussed in section 5. 



4.4 Improvements 

An improvement of the energy-momentum tensor has been already defined in the in- 
troduction as the addition of a functional of the fields with identically vanishing di- 
vergence. An example of such operation is the addition of the term dcrF'^^'^'^^ to the 
canonical energy-momentum tensor in (29) to obtain the Belinfante energy-momentum 
tensor. If we already have a symmetric energy-momentum tensor, improvements pre- 
serving this condition must be [30, 31] of the form dapY^^^^ with y'^"'^/^ having the 
symmetries of the Riemman tensor, that is, antisymmetric in jia, antisymmetric in 
and symmetric under the exchange na <-> 1/(5. 

A mechanism to improve symmetric energy-momentum tensors is provided [29] by 
the covariantization method: one may add to the covariantized Lagrangian a new term 
which vanishes in the flat space limit. Supose we call Cd{g, (p) this new addition, such 
that £d\g^r, = 0) which also implies [J~d\A\g^r, = , V^"^. The Noether identity (19), in 
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the flat space limit, becomes 

^»„(|^,„)^0. (41) 

identicaUy. Thus the addition to an energy-momentum tensor of a term^^ proportional 
to j^ig^j, is an improvement that preserves the symmetry condition. An application 
of this procedure will be seen in subsection 5.3.1. 



5 Scale and confer mal invar iance in classical field 
theory for d > 2 

5.1 General conditions 

In this section wc consider Poincare invariant Lagrangians jCf in a o?-dimensional 
Minkoskwi spacetime, d > 2, with c and h as universal constants. The condition 
for a given spacetime vector field to generate a Noether symmetry in fiat spacetime 
can be read off from comparishon of (8) and (33): it requires that T^^'^{d^ty + d^e^) be 
a divergence. Now we see that Hilbert tensor is more fundamental that Belinfante's 
for examining the conditions to have flat spacetime symmetries beyond Poincare's, be- 
cause it is with the Hilbert tensor that we control the existence of new symmetries. 
We will explore this possibility of new symmetries for the case of conformal transfor- 
mations. Vector fields generating conformal transformations^^ in fiat spacetime are 
the solutions for d^ey + d^e^ to be proportional to ?7^„y (conformal Killing vectors of flat 
spacetime) . For dimensions of spacetime d> 2 they are 

el" ^ax^' + hx- x)lf -{x-b)x^', (42) 

{a is the inflnitesimal parameter for scale transformations and If are the inflnitesimal 
parameters for a special conformal trasformation) . 



5.1.1 Scale invciriance 



Every Poincare invariant Lagrangian Cf not containing dimensional parameters im- 
plements scale invariance as a classical Noether symmetry. Indeed, the scale trans- 
formation 4 for a fleld -or fleld component- is (we drop an inflnitesimal constant 
parameter form the transformation) 

S,(t>^^x''d^(t>^ + d^<l>^ (43) 

Although J~d\g_^ = 0, the quantities need not vanish. 

^^'Noticc that here we only analyze spacetime conformal transformations, always within the ac- 
tive view. Sometimes the same language is used for Weyl transformations, which are not spacetime 
transformations. Weyl symmetries, which can be rigid or gauge, are dealt with in [10]. 
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(the first term originates from the active view of spacetime transformations. No sum 
for A in the last term), where (Ia is its dimension in units of mass. If, and only if, there 
are no dimensional parameters, £/ transforms as 

5,jCf = x^d^Lf + dCf = d^ix'^Cf) (44) 

and hence it is a Noether symmetry. 

Note that the scale trasformation (43) can be understood as the flat spacetime limit 
of a diffeomorphism transformation when = {x^ are Cartesian coordinates, for 
which the fiat metric is expressed as rj/^^). To make this connection, one asks for 

5,(f)^ = 5(0) 0^ + (t)%e'' (45) 

{S^^^ is the Lie derivative for a field without density behaviour) to agree with (43) when 
ei^ — x^. In fact, for such an e^, we have, from (9), 5f>(l)^ — a:'^5^^^ + i?(,°)^'^, and, using 
(24), Rf^"^" = ^Q^^'^^'^rif^u ■ The computation of this piece, Qs^'^^'^rif^,,, depends on 
the number of covariant and contravariant indices of the field. For a fleld (p"^ of the 
type -P^/j;^^;;^^'' , one has ^Qb^^^'^Vhu = (-^ ^ ''^)^b ^'^'^ ^'^^s (^3) and (45) are the same if 
one defines the density weight of the field Py^v^/,',;^,' ^ 

dp+r-s 

n, = . (46) 

Note that the choice of the density weights as determined by (46) dictates a preferred 
choice for the Hilbert tensor. We will adress this important issue in subsection 5.2. 



As examples of the application of (46), the scalar field, of dimension (i^ = has a 
density weight = and the Maxwell field, of dimension = ^ has a density 



weight = y . 



5.1.2 Confer mal invar iance 

Similarly to the scale transformations, special conformal transformations 4 can be read 
as the fiat spacetime limit of diffeomorphisms with — ^{x ■ x)b^^ — {x ■ b)x^. Using 
(24), one gets 

= - x^K S^'"'4>^ -{x-b) , (47) 

where d^ has been obtained from (46). Equation (47) appears in [32] - se also [33]- 
by consistency requirements of the transformations with the algebra of the conformal 
group. Here it is a consequence of the fiat spacetime limit of diffeomorphisms associated 
with conformal transformations, with the key use of (46). 
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For conformal Killing vectors (42), one has d^Ci, + Sj^e^u = 2(a — {x • h))ri^^ and thus, 
to generate a Noether symmetry, we need 

{a — {x ■ b))T = divergence , (48) 

where T is the trace T'^,. 

Thus the condition for scale invariance is that T must be a divergence. Tis condition 
can be rephrased as the requirement that the e.o.m. for the "Lagrangian" T vanish 
identically, that is, [T] = for any field configuration. 

The condition for special conformal invariance is that x'' T to be a divergence, that 
is, it requires [x^ T] = identically. Allowing -just for simplicity- dependencies up to 
second spacetime derivatives, one has 

[x^ T\ ^x^[T\-^ + 29^(^) G{<t>, d<f>, cF<t>) + F(^, d(^, d'<f>) = (49) 

for any field configuration. Considering translations x^ x^+A'' we can easily convince 
ourselves that this last equation implies (7(0, 50, 5^0) = and F(0, 50, 5^0) = 
separately. In particular this means that [T] = 0. We conclude that the assumption of 
special conformal invariance, [x^ T] = identically, already guarantees scale invariance, 
[T] = identically, and is thus equivalent to full conformal invariance^^. 

When scale invariance is realized, T — d^D^^ for some D^. Plugging this relation 
into (49) gives [D^] — which means that D^^ must be in its turn a divergence for full 
conformal invariance to be realized. This is equivalent to the requirmeent for T to be 
a double divergence, that is, there must exist C"^ such that T = dafsC"^. Notice that 
we can always take C"^ symmetric, which we do in the following. If these quantities do 
exist, there is a standard procedure [8] to improve the energy- momentum tensor so that 
it will explicitely exhibit the tracelessness condition. In d > 2 spacetime dimensions, 
one defines 

d — 2^ ' 
- -2) (50) 

yixoiv^ is the only structure, made with the Minkowski metric and C"^, with the sym- 
metries of the Riemman tensor, and with the property ^^/^(y^^^^r/^iy) = dapC"'^ . Then 
the improved tensor 

' " (51) 



^^This result is also obtained by examining the algebra of the Poincare plus conformal 
trasformations. 
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is traceless. Equation (33) now becomes 

[£y]^40^ - e" - Trr^.pe'') = . (52) 

with the vector field for conformal transformations (42) . Note that T^"" -[Cf\ARj''r]P'' 
is an improvement of Behnfante's tensor. In fact the conserved current in (52) is 
= {T^^^-do,pYi"^''^ri^^)e'', out of which, after moving to phase space, one can obtain 
the canonical generators of scale and conformal transformations. 

In conclusion, scale invariance is equivalent to T -the trace of the Hilbert tensor- 
being a divergence, T = whereas special conformal invariance, which already 
implies scale invariance and thus full conformal invariance, is equivalent to T being a 
double divergence, T = dapC"/^, which is a much more restrictive condition. 



5.2 Selecting the Hilbert tensor 

Consider again (40) and apply it to the scale invariance property of a Poincare invariant 
Lagrangian without dimensional parameters. For 40"^ to become the scale transfor- 
mation 6c4)^ in (43) we need the satisfaction of (46), which means that the Hilbert 
tensor present in (40) is in fact T^"-*, associated with a specific covariantization within 
the family introduced in 4.3. We infer that The Hilbert tensor becomes completely 
determined -up to improvements- when scale invariance is implemented. Now we will 
compute the trace of this tensor for a scale invariant theory. Let us write (40) for 

[/:/]^40^ + d,{TrVap - = . (53) 
We can isolate the trace T^") from (53) and obtain, using (44), 

where we have used (44) and the definitions (26), (27) and (29), and the antisymmetry 
properties of F''^'^. Prom the first equality in (54) we see that as expected T*^") is a 
divergence, which is the condition for scale invariance. 

Once this tensor is determined, the fate of conformal invariance is sealed and its 
possible additional realization can be further investigated. In fact, (54) shows ex- 
plicitely the new condition for implementing full conformal invariance in the presence 
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of scale invariance: for T^") to be a double divergence (which is the requirement found 
in subsection 5.1.2) we need 



V^.i'S^"'' - djW'')<t>'' = divergence . 



(55) 




This result can be stated as the following 

Proposition. A Poincare invariant Lagrangian Cf in d- dimensional Minkowski 
spacetime, with d > 2, with no dimensional parameters -and thus implementing scale 
invariance-, is conformal invariant if and only if expression (55) is fulfilled. 

This equation (55) was obtained in [7] (see section 5.2 in that paper) on the basis 
of an analysis of the conditions for 5c in (47) to be a Noether transformation. The 
difference with our approach is that we can specify the Hilbert tensor which contains 
in its trace the information as to whether a scale invariant theory realizes conformal 
invariance. It is worth noticing that this Hilbert tensor is not the Belinfantc tensor 
-though they differ in terms vanishing on shell- and it is only this Hilbert tensor that 
which becomes traceless -if conformal invariance holds- after the improvement devised 
at the end of subsection 5.1.2. 

5.3 Examples 

5.3.1 Massless real scalar field with 0™ interaction in o? > 2 dimensions 

The Poincare invariant Lagrangian is Cf — \d^(j)di,(j)ri^^ + Kcjf^ . The dimension of the 
field is dif, = According to subsection 5.1.1, scale invariance is guaranteed as 

long as A is dimensionless, which is equivalent to m = Its integer solutions are 

{d, m) = (6, 3), (4, 4), (3, 6). It is now easy to check that conformal invariance holds at 
any dimension. Indeed, the kinetic term satisfies (55) -because S^''^ vanishes whereas 
4> d^cf) is a divergence - and so does trivially the selfinteraction term -because since it has 
no derivatives, it does not contribute to (55). The rhs of (55) is actually dfj,{—^^r]^(f)'^). 
Constructing the improved, traceless, energy- momentum tensor, is, after (50), straight- 
forward. As explained in subsection 4.4, an alternative procedure to introduce the 
improvement is the addition to the covariantized Lagrangian of a term proportional to 



g\R(f)^ see [29], taking into account that ^^^^ ^ = dc,p({rj^,rf - S^d^)cl>^). 



one can check that for dimensionless A, both scale and conformal invariance are realized 
at any spacetime dimension d > 2. 




The extension to 0{N) symmetry, with interaction term A(0^)'2 is immediate and 
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5.3.2 Pure Maxwell or YM theory 



Let us apply (55) to the Maxwell Lagrangian, = —^Fn^.F^'^, with F^j, := d^Ai, — 
diyAfj,, for which — Expression (55) becomes 

= -F^'{v,,A'^ - S;A, - (1 + ^)5;A,) = ^F-^ A, , (56) 

(where we have used (22)) which is only a divergence -actually it vanishes- for d = 4. 
Thus pure Maxwell, which is scale invariant at any spacetime dimension, only becomes 
conformal invariant at four dimensions. 

One can easily check that scalar electrodynamics for d = 4 also satisfies (55). On 
the other hand. For pure YM, due to the presence of the selfinteraction terms, scale 
and/or conformal invariance are only achieved at four dimensions (it is the spacetime 
dimension for which the coupling constant is dimensionless) . The proof repeates the 
calculations done for the Maxwell case but with a new summation index over the 
dimension of the gauge group. 



5.3.3 p-forms 

Let us first consider the free theory of 2 forms, with gauge field B = ^B^^^dx^ A dx''', 
with B^i, antisymmetric. The field strenght is H^i,^ = d^Bua^ + d^B^j^ + d^B^j^^ and the 
Lagrangian is the kinetic term = ^^H^j^i.^H^^'^" . To compute the Ihs of (55) we note 
that the representation of the Lorentz algebra defined in (23) is now^^ {A = [/j.i'] , B = 

M) 

and (55) becomes 

= H'^''n,,{ - s;b,^ - S^B,, - (2 + ^)SIB,^ 

= -^H'^'^'B,,, (57) 



(where we have used in the second and third equalities the full antisymmetry of H^'^'^) 
which is only a divergence -in fact it vanishes- for d = 6. It is not difficult to identify 



^*Wc apply the practical convention that any object with indices that saturate those of B^i, must 
be taken antisymmetric in such indices. This is the reason of the factor i. 
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a pattern in the expressions (56) and (57) which allows for a generalization to p-iorms. 
The result for the p-form free theory is that conformal invariance is only achieved for 
d = 2{p + 1) dimensions. Since, according to (46), the density weight of a p-form 
field is Hp = ^—^2T^^ '^^^ deduce from the generalization of (57) that the Hilbert 
tensor T^|^) obtained from the minimal covariantization will become tracelessness for 
d = 2(p+l). 

5.3.4 Interaction term with scale invariance but not conformal invariance 

Consider the interaction term of a scalar field with a vector field Cint = A?7^'^(c}^Ai^)(/)™. 
It breaks U{1) gauge as well as rigid invariance^^ and we can even take the scalar field 
real. We assume the standard dimensions for the fields and (j). Scale invariance is 
guaranteed with dimensionless A, which means m — whose integer solutions are 
(d, m) = (3,3), (4,2). As regards conformal invariance, the Ihs of (55) becomes in this 
case A|A'^0™, which is not a divergence. Thus the model admits scale invariance but 
not conformal invariance. This model though does not lead to a unitary quantum field 
theory. In this sense, the issue [8] as to whether there exists a d = 4 unitary quantum 
field theory realizing scale invariance but not conformal invariance remains unsettled^° . 

5.3.5 Abelian Chern-Simons theory in = 2n + 1 dimensions 

The Lagrangian density is 

'-'as ~ ^ ^IJ-O-^ Ml/i2 ■ ■ ■ ^ IJ.2n-llJ.2n ' \'^°J 

This Lagrangian, which is metric independent, is already diffeomorphism invariant 
and therefore scale and conformal invariance are trivially realized as part of it. The 
dimension of the field is — 1 and the corresponding density weight, from (46), is 
riA^ — 0, which is consistent with the fact that the Hilbert tensor vanishes identically 
(n^ 7^ would have suggested a rewriting of the "covariantized" Lagrangian which 
would have allowed to define along the lines of subsection 4.3, see (37), a nonvanishing 
Hilbert tensor T^"^ even when T^°^ was vanishing). One can also check that the Ihs of 
(55) vanishes identically. Equation (40) remains valid but without the last term of the 
Ihs. One directly identifies from this expression the Noether current for diffeomorphism 
invariance as — T^^e^ ^ where, being zero the Hilbert tensor, the Belinfante tensor 
can be extracted from (39) as T^^ — — which makes equation (40) to become 

the Noether identity (13). The Belinfante tensor vanishes on shell but it is capable 
of providing in the canonical picture for the generators of the gauge symmetry of 
diffeomorphism invariance. 

^^In [7] the case with an interaction term of the type {d^A'^Y' is considered. 
^°The assumptions made in [32] exclude our example. 
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6 Classical field theory with gravity 



Consider a matter covariant Lagrangian Cm{g,dg,(j),d(j)) (where g is the metric field 
and the matter fields). Following Hilbert's prescription, we define the matter energy- 
momentum tensor (Hilbert) density^^ T^*^ = — 2|^. Since Cm is a scalar density, we 
can write the Noether identities with respect to diffeomorphism invariance for jC^n- We 
will use the manifestly covariant form of the Noether identities discussed on subsection 
3.2.1. We have, for the variations (see (18)), 

Seg,u = V^e, + V,e^ , 40-" = U^e^ + R^^V^e^ , 

and the the Noether identities (19), now for fields g^u and 0^, become 

= -[r^lAt/.^ + V,{[jCm]ARt') ■ (59) 

Saturating with e*^ we obtain an expression formally identical to (33), 

[>C^]40^ + d^({n - [CmUR^ne") - nV^e^ = , (60) 

but now in curved, dynamical spacetime. More important is to notice that (59) tells 
that T'^ is a covariantly conserved tensor density as long as the matter fields satify 
the e.o.m., and this result has no relation whatsoever with the Einstein equations -we 
are only considering the matter Lagrangian (had we considered the addition of the 
purely gravitational Einstein-Hilbert Lagrangian, the Einstein e.o.m. will also imply 
independently that T'^ is covariantly conserved). This point, also made in [9], is 
basically known since the early years of GR [5] but sometimes gets blurred. Contrary 
to some popularizations, it is not that the choice for the Einstein tensor density - 
the gravity side of the Einstein equations- is restricted because one wants to have a 
covariantly conserved matter energy-momentum tensor, but because one already has 
it. Of course, when the e.o.m. are derived from a variational principle there is no 
restriction any more because any purely gravitational metric Lagrangian Cgrav will 
yield, as Noether identities associated with diffeomorphism invariance, the covariant 
conservation of 

og^v 

6.1 Field theory in nondynamical curved spacetime 

One could decide to freeze the background, let's name it and to make it non- 
dynamical. This describes matter in a fixed background without taking into account 
the backreaction induced by the matter on it. There is a case, though, where the 
backreaction is indeed included, which is when, in addition to the satisfaction of the 
matter e.o.m., g is solution of the e.o.m. for Cg^av + i^m- 

^^it is a tensor density of weight 1 because the Lagrangian is a scalar density. 
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Now the Lagrangian becomes a functional of the matter fields only, Cfn — Cm\g^g- 
Equations (59) and (60) arc still applicable with the only circumstance of sending 
g ^ g. Thus for any matter Lagrangian in any fixed background, there is covariant 
conservation of the Hilbert tensor. Is this conservation related to any Noether symme- 
try? The answer in general is no^^, because, except for some special cases, there is no 
way to extract from this tensor density a conserved^^ vector density -to play the role of 
the Noether current. The exceptions: first, when the background has KiUing vectors. 
If is a KiUing vector for the background g^i, then the last term in (60) vanishes for 

— > and we end up with the Noether conserved current J'^ = (T'^ — [Cm]AR'!}'^)C'^ ■ 
Another exception is the case when e'^ is such that T'^V^e'^ happens to be a diver- 
gence (see (60)). This is reminiscent of our explorations in subsection 5.1 concerning 
conformal symmetry in fiat spacetime. In fact, for a conformal Killing vector the con- 
dition is that {y fj,e'^)tr{T) must be a divergence, which includes the tracelessness case 
tr{T) — 0, now in curved space. 

The tensor - [CrnUR^'' could well receive the name of Belinfante -or Belinfante- 
Rosenfeld- tensor in nondynamical curved space, because it is the tensor that parti- 
cipates in defining the Noether conserved current and the canonical Noether symmetry 
generator, if such a symmetry is realized. 

7 Conclusions 

We have presented a basic review of classical aspects of Noether symmetries, with 
special emphasis in the use of Noether identities for gauge theories. Next we have 
discussed in detail the role of diffferent energy-momentum tensors in Poincare invariant 
field theories and explored the eventual realization of scale and conformal invariance. 
The core of this part of paper is devoted to fiat spacetime. 
The main points worth remarking are 

• The introduction and use of some identities of the variational calculus, (5), in 
order to obtain the conditions for a continuous symmetry. 

• The use of the Noether identities to find the first class structure -except for the 
primary constraints in phase space- of constraints of a gauge theory, subsections 
3.1 and 3.1.1. 

^^Since the background is fixed, there is no longer the gauge symmetry of diffeomorphism invariance. 
A residual, non-gauge, subroup of diffeomorphisms can still realize Noether symmetries, as we shall 
see. 

Conserved or covariantly conserved is the same for a vector density, with the standard Riemmanian 
connection. 
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• The observation that whereas the Behnfante energy-momentum tensor is unique 
and it is directly hnked with the Poincare generators, there is a family of Hilbert 

tensors, subsection 4.3, which are the means to test whether further spacetime 
symmetries can be realized. All these tensors only differ in terms vanishing on 
shell. 

• The selection of a unique Hilbert tensor for Poincare invariant Lagrangians real- 
izing scale invariance, subsection 5.2. 

• An example, subsection 5.3.4, of a toy model that exhibits scale invariance but 
not conformal invariance at the classical level. 

• A simple expression, (55), derived form the computation of the trace of the 
Hilbert tensor, as a means to check for a specific scale invariant theory whether 
conformal invariance is also realized. 

Let us elaborate on this last point, summarizing our results. We start with Poincare 
invariant theories in Minkowski spacetime. In the classical setting, scale invariance 
is identified by the absence of dimensional parameters in the Lagrangian. The cor- 
rect Hilbert tensor for such a scale invariant theory is determined through (37) by 
using the relation (46) between the dimensions of the fields and their density weights 
upon covariantization. The trace of this tensor is a divergence -thus describing scale 
invariance-, and it is computed in (54). Then the additional requirement of conformal 
invariance is (55). 
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Appendix. Belinfante - Hilbert 

Here we prove the result advanced in subsection 4.2 concerning the relation between 
Belinfante tensor and the Hilbert tensors. Let us examine again the consequences of 
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the Noether condition (7) for the minimally covariantized Lagrangian Lg :— (we 
eliminate superscripts for simplicity) of the flat spacetime Lagrangian Cf, 

where we have used the definition (31). 

We can make the limit g ^ r] m this expression, still keeping e'^ arbitrary. T^'^ 
becomes the Hilbert tensor T^^ associated with the covariantization. We get, 



2 dg^^,a 



with Srjui, — rjupS'^^ + r/^^e^^ and Scj)^ — Rfe^ + Rf^duS^. Since is arbitrary, we can 
get different identities by equalizing the coefficients of e'^, df^e^ and df^xe'' on both sides 
of (61). For we just get the conservation on shell of the canonical energy-momentum 
tensor T^^", (26). For S^e'' we obtain 



and finally, for d^^e'' we obtain that the quantity inside the A-derivative in (62) must 
be antisymmetric in the aX indices, that is, the quantity 



+ 7^R>''- (63) 



satisfies G'""^ = G^l'^^l Substituting (24) in the last term of (63), one sees that the 
structure of (63) is of the type 

and it is well known that knowledge of the coefficients B completely determines the 
coefficients A and G. Indeed one gets 

^(po-)A _ ^[Xa]p _|_ ^[Xp](T _ 

In our case, we obtain^^ 



kS'^r^" + - l^sr^") , (65) 



,x 



^^This equation could in principle have been alternatively obtained by noticing that the dependences 
of Cg on derivatives of the metric must come form terms in Cf depending on the derivatives of the 
fields, since these derivatives become covariant derivatives upon covariantization. 



28 



and equation (62) becomes 

= 7^^"+ [£/]Ai?;^V + 5A(F''"^) (66) 

where F^"^ = F^l'^^l = G'^t'^^l arc the quantities defined in (27). Using the definition of 
Behnfante's tensor, (29), we arrive at 

T<^^ = T-^ + (67) 

which shows the connection between Behnfante's and the minimal -that is, obtained by 
the minimal covariantization- Hilbert's tensor, anticipated in section 4.2. If, however, 
instead of the minimal covariantization, jC^^\ we take any covariantization, C^^^ — > 
and the respective change for the variations, S^^^cf)"^ — > 5^'^^(f)'^ — S^^^cf)^ + ru^^^^e'', 
note that ^^''''^^ in (24) remains unchanged and, as a consequence, the Belinfante 
tensor in (66), (67), remains unchanged as well. 
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